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If +(t) = exp tX and +(t) = exp tY are one-parameter subgroups 
of a Lie group then limn+m ($(t/n)$(t/n))” = exp t(X + Y). Trotter [7] 
has proved an analog of this Lie product formula for operator semi- 
groups: if etA and efB are (C,,) contraction semigroups on a Banach 
space such that the closure of the sum of their generators A + B = C 
is the generator of a (C,) contraction semigroup then (eflnAe”/nE)n + elc 
in the strong operator topology. Nelson [4j has given a short proof 
of this in the case that A + B itself is a generator. The general case 
has been utilized in several recent papers (e.g., [I], [5]), and it therefore 
seems worthwhile to present a compact and self-contained exposition. 
Recall that a (C,) semigroup t --+ T, on a Banach space X is a 
homomorphism from the additive semigroup of the positive reals to 
the bounded linear operators on X such that for each I# E X the 
continuity condition limt+ Td = 4 holds. The strong derivative of 
T, at t = 0 is a closed, densely-defined operator A called the 
(infinitesimal) generator of T, ; one writes T, = et”. We assume 
familiarity with the basic facts concerning the relation of semigroups 
to their generators; see [Z]. In particular we shall need the Laplace 
transform relation 
(A - A)-l = J”: e--r\tetA dt, X > 0 
connecting a (C,,) contraction semigroup with the resolvent of its 
generator. 
The argument of the following lemma is standard. 
LEMMA 1. Let C, , n = 1,2 ,..., and C be generators of (Co) 
contraction semigroups on X. Let 9 be a dense subspace of the domain 
of C such that C 1 ~3 = C. Suppose that for all 4 E 9 C,# is dejined 
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and Km,,, C,+ = C+ Th en f or every A > 0 (A - C&l converges to 
(A - C)-l in the strong operator topology. 
Proof. Because the resolvents are all bounded in norm by l/X it 
suffices to prove that (A - C&l+ --+ (A - C)-l$ for all # in a dense 
subset of X. Now (A - C)Q is dense by the hypothesis on C 1 9. 
If # = (A - C)$, 4 E 9, we have 
II@ - w1 # - (A - C)-l9 II 
= IlP - GY (A - G) 4 + (A - GF1 (G - c> 4 - 4 II 
= II@ - w1 (G - cl+ II 
G l/h ll(G - Cl4 II 
which goes to 0 as n -+ co by hypothesis. 
The fundamental result concerning the convergence of semigroups 
is that if (A - C&l -+ (A - C)-r then efCm + efc (cf. Trotter [6-j). 
But for our present application the full strength of this result is not 
needed. We can assume rather more about the generators, and we 
have a correspondingly simpler proof of the convergence of the 
semigroups. 
PROPOSITION. Under the hypotheses of Lemma 1, etcn + etc in the 
strong operator topology, the convergence being uniform on every compact 
interval. 
Proof. We first assume that X is separable. Let B* be the unit 
ball of the dual space X *. B* is weak* compact, and is metrizable 
because X is separable. Fix 4 E 9. On B* x [0, oo) consider the 
continuous complex-valued functions 
and 
F,(l, t) = (I, etCn4) n = 1, 2,... 
F(Z, t) = (1, etc+). 
Because 4 E 9, so that C,$ ---t C$, the family of complex functions 
{F,(Z, -)}, I E B*, n = 1, 2 ,... is equicontinuous on [O,co). Indeed, 
I K(k t) - F,(t s)l = 1 ( G eucGd> du 1 
G I t - s I l II 1 II l II G4 II 
<Mlt---sl, 
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where M is independent of 1’~ B* and n. Since {&(Z, 0)) is also 
uniformly bounded (by 11 C$ II), A sco i’s 1 theorem implies that it is 
pre-compact with respect to the topology of uniform convergence on 
compact intervals. 
Let 1, -+ 1 be a weak* convergent sequence in B*. Suppose that G 
is adherent to the sequence of functions {F,(Z, , l )}. Then we have 
I m e-AtG(t) dt = lim m e-h*F,,(Z,, , t) dt 0 I k-m o 
= (I, (A - C)-1 c$> by Lemma 1. 
I 
co 
z.z e+F(l, t) dt. 
0 
By the uniqueness of Laplace transforms, G(t) = F(Z, t), so that 
F(Z, 0) is the unique adherent point of {F,(Z, , 0)). It follows that 
FnVn , t) -+ F(t t>, uniformly on compact intervals. 
A routine compactness argument then shows that F, -+ F uniformly 
on the compact metric space B* x J, where J is any compact interval 
(cf. [3], p. 241, M). M oreover, this is easily seen to be equivalent to 
the convergence in norm of etc$ to et=+, uniformly on J. This holding 
for all C$ in the dense set 9, it follows for every vector in X because 
the operators involved are uniformly bounded, being contractions. 
Finally, we indicate how the separability of X may be dispensed 
with. Given C$ E 9, the countable family of strongly continuous 
functions eic, et=*, n = 1, 2 ,... generates a separable closed invariant 
subspace X1 containing (6. One then applies the above argument to Xi . 
LEMMA 2. Let T be a linear contraction on X. Then t -+ ettT-*) is 
a contraction semigroup. For all 4 E X we have jl(en(T-z) - T”H 11 < 
n1/2))(T - I)$ 11. 
Proof. We have 
11 et(T-1) 11 = 11 e-t 2 t”T”/k! (1 
k=O 
< e-t 2 tk/k! = 1; 
k-0 
that is, el(=--I) is a contraction for t 2 0. 
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Also, for any #J E X, 
II e n(=-1)$ - T-4 )I = I/ e-n $ nk/k!( Tk - Tn)$ iI 
< e-” f nk/k!I/(Tk: - T”)# 1) 
k=O 
k-0 
<e--n 2 Ik-n 
k-0 
W-n - I)$ )I 
1 @/k![l(T -I)+ II. 
Now, by the Schwarz inequality, 
edn t Ik--nln”/k! < evn g (k 
l/Z 
- n)2 n”/k! ; 
k=O k=O 
the right-hand side is easily seen to equal n1/2. 
THEOREM. Let F(t) be a strongly continuous function from [0, co) 
to the linear contractions on X such that F(0) = I. Suppose that the 
closure C of the strong derivativeF’(0) is thegenerator of a (Co) contraction 
semigroup. Then F(t/n)n converges to etc in the strong operator topology. 
Proof. The domain 63 of the strong derivative at 0 consists of 
those + for which the limit liml,,[(F(t) - I)/#$ exists. 
Fix t > 0. Define C, = n/t(F(t/n) - I). Then Lemma 2 implies 
that C, generates a contraction semigroup. The hypotheses of the 
Proposition are satisfied, and therefore, for all + E X, 
Suppose that 4 E 9. Then we have, by Lemma 2, 
II etc+ - WP 9 II < n1j2 II - I) 4 II 
= t/N2 II n/t(F(t/n) - I) 4 II 
-SO as n--t co. 
Hence for + E 9, F(t/n)“+ -+ e”“+. Since the operators are contractions, 
we have the result for all vectors in X. 
242 CHERNOFF 
COROLLARY. Let et* and elB be (C,,) contraction semigroups on X. 
Suppose C = A + B is the generator of a (C,) contraction semigroup. 
Then (et/nAet/nB)n converges to etc in the strong operator topology. 
Proof. Let F(t) = e fA e lB. If 4 E 53(A + B) = 9(A) n 9(B) we 
have 
F(t) - I 
---j--4 = (l/t)[etA(etB4 - 4) + (et”+ - $)] 
Hence we may apply the Theorem to deduce the desired conclusion. 
Remark. In addition to the Trotter-Lie product formula, a 
number of the exponential formulas of semigroup theory ([2], p. 354) 
are special cases of the above theorem. For example, given a (C,,) 
contraction semigroup el*, consider 
F(t) = (I - tA)-l = 1: e-=extA dx. 
F is easily seen to satisfy the hypotheses of the Theorem, with 
F’(0) = A, and hence 
lil&(I - t/nA)+ = etA. 
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